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Abstract
The properties and behaviour of the solutions of the recently obtained kt -dependent QCD evolution equations are investigated. When used to
reproduce transverse momentum spectra of hadrons in Semi-Inclusive DIS, an encouraging agreement with data is found. The present analysis also
supports at the phenomenological level the factorization properties of the Semi-Inclusive DIS cross-sections in terms of kt -dependent distributions.
Further improvements and possible developments of the proposed evolution equations are envisaged.
© 2007 Published by Elsevier B.V.
PACS: 12.38.Bx; 12.38.Cy; 13.60.-r; 13.85.Ni1. Introduction
In a standard perturbative QCD approach to semi-inclusive
processes and in particular to Semi-Inclusive Deep Inelastic
Scattering (SIDIS), factorization theorems [1] allow to ex-
tract soft hadronic wave functions from high energy reactions
data. Such non-perturbative process-independent distributions
obey QCD renormalization group equations [2]. In presence
of a hard scale, set by the virtuality of the exchanged boson
in a Deep Inelastic event, standard parton and fragmentation
distributions predict, together with the corresponding process-
dependent coefficient functions [3,4], the semi-inclusive cross-
sections. These distributions, basic ingredients in all nowadays
QCD-calculations, are well suited for studying full inclusive
processes, such as Deep Inelastic lepton–hadron Scattering or
Drell–Yan process in hadronic collisions. In the recent past,
however, it has became increasingly clear that less inclusive
distributions, either space-like or time-like, are necessary to
deal with a variety of semi-inclusive processes. In particu-
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a great activity has been registered recently in this research
field [5]. In the SIDIS case, for instance, final state hadrons
are expected to have a sizeable transverse momentum due to
the intrinsic motion of partons into hadrons [6], to the radiative
process off the struck parton line [4,7] and to the hadronization
of partons into hadrons. Unfortunately transverse momentum is
usually integrated over, loosing part of the information which is
contained in the experimental cross-sections. For these reasons
it would be highly desirable to have the evolution equations for
kt -dependent distributions. Such evolution equations were first
proposed in the time-like case in Ref. [8] and then recently ex-
tended to space-like kinematics in Ref. [11]. In order to have
a complete description of the semi-inclusive cross-sections in
terms of the transverse momentum, such a generalization was
also performed in the target fragmentation region by introduc-
ing properly modified [11] fracture functions [12]. The basic
idea behind the kt -dependent evolution equations can be sum-
marized as follows. Let us consider parton emissions off a
active, space-like, parton line. In the collinear limit, at each
branching, the generated transverse momentum is negligible. In
this limit, however, kt -ordered diagrams can be shown to give
leading logarithmic enhancements to the cross-sections. Since
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tions [2], at the end of the radiative process, the interacting
parton could possibly have an appreciable transverse momen-
tum. In order to take this perturbative effect into account gener-
alized evolution equations are given which therefore depend,
in addition to the standard longitudinal momentum fraction,
also on transverse degrees of freedom. When solutions to the
evolution equations are used to reproduce the semi-inclusive
transverse momentum spectrum, the predictions smoothly in-
terpolate from small to large transverse momenta, this being
a signature of well known DIS scaling violations in a semi-
inclusive process.
The aim of this work is to offer a preliminar phenomenolog-
ical study of kt -dependent evolution equations and to compare
it with charged hadron production data in DIS current frag-
mentation region. All the predictions are given by a handful
of phenomenological assumptions. Such predictions, however,
are not the result of a fit to the data, and thus strengthen our
confidence on the general framework as proposed in Ref. [11].
2. Transverse momentum dependent evolution equations
Ordinary QCD evolution equations at leading logarithm ac-
curacy (LLA) resume terms of the type αns logn(Q2/μ2F ) orig-
inating from quasi-collinear partons emission configurations.
Here μ2F represents the factorization scale. Leading contribu-
tions are obtained when the virtualities of the partons in the
ladder are strongly ordered. At each branching, the emitting
parton thus acquires a transverse momentum relative to its ini-
tial direction. The radiative transverse momentum can be taken
into account through transverse momentum dependent evolu-
tion equations. In the time-like case these read [8]:
Q2
∂Dhi (zh,Q2,p⊥)
∂Q2
= αs(Q
2)
2π
1∫
zh
du
u
Pij
(
u,αs(Q
2)
)
×
∫
d2l⊥
π
δ
(
u(1 − u)Q2 − l2⊥
)
(1)×Dhj
(
zh
u
,Q2,p⊥ −
zh
u
l⊥
)
.
Fragmentation functions Dhi (zh,Q2,p⊥) of Eq. (1) give the
probability to find, at a given scale Q2, a hadron h with lon-
gitudinal momentum fraction zh and transverse momentum p⊥
relative to the parent parton i. Pij (u) are the time-like splitting
functions which, as usual, at LL accuracy, can be interpreted
as the probabilities to find a parton of type i inside a parton
of type j and are expressed as a power series of the strong
running coupling, Pij (u) =∑n=0 αns (Q2)P (n)ij (u). The order n
of the expansion of the splitting function matrix Pij (u) actu-
ally sets the accuracy of the evolution equations. The radiative
transverse momentum square l2⊥ generated at each branching
satisfies the invariant mass constraint l2⊥ = u(1 − u)Q2. The
transverse arguments of Dh(zh,Q2,p⊥) on r.h.s. of Eq. (1) areiFig. 1. Boost of transverse momenta. Left panel: a time-like off-shell par-
ton generated in a hard process, the grey blob, emits a daughter parton
and acquires a transverse momentum l⊥ relative to its initial direction
with p˜⊥ = p⊥ − zhu l⊥ . The small blob symbolizes the iteration of such
emissions. Right panel: the analogue as before in the space-like case with
k˜⊥ = (k⊥ − l⊥)/u.
derived by taking into account the Lorentz boost of transverse
momenta from the emitted parton reference frame to the emit-
ting parton one as can be seen on the left panel of Fig. 1.
The unintegrated distributions fulfill the normalization con-
dition:
(2)
∫
p2⊥Q2
d2p⊥Dhi
(
zh,Q
2,p⊥
)=Dhi (zh,Q2).
This property guarantees that we can recover ordinary inte-
grated distributions from unintegrated ones. The opposite state-
ment however is not valid since Eq. (1) contains new physical
information. In analogy to the time-like case we consider now a
initial state parton p in a incoming proton P which undergoes
a hard collision, the reference frame being aligned along the in-
coming proton axis. We thus generalize Eq. (1) to the space-like
case [11]:
Q2
∂F iP (xB,Q2,k⊥)
∂Q2
= αs(Q
2)
2π
1∫
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du
u3
Pji
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(
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π
δ
(
(1 − u)Q2 − l2⊥
)
(3)×F jP
(
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u
,Q2,
k⊥ − l⊥
u
)
.
Parton distribution functions F iP (xB,Q2,k⊥) in Eq. (3) give
the probability to find, at a given scale Q2, a parton i with lon-
gitudinal momentum fraction xB and transverse momentum k⊥
relative to the parent hadron, see the right panel of Fig. 1. The
unintegrated distributions fulfill a condition analogous to the
one in Eq. (2):
(4)
∫
k2⊥Q2
d2k⊥F iP
(
xB,Q
2,k⊥
)=F iP (xB,Q2).
Transverse momentum dependent parton distributions in
Eqs. (2) and (4) were originally introduced in Ref. [9]. An
extensive discussion of UV renormalization and gauge depen-
dence of these distributions can be found in Ref. [8]. Further-
more, the integration regions in Eqs. (2) and (4), are dictated
by consistency with the leading logarithmic approximation we
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mentum does not affect longitudinal degrees of freedom since
partons always degrade their fractional momenta by the pertur-
bative branching process.
The approach can also be extended in the target fragmen-
tation region of semi-inclusive DIS [11] by introducing a
kt -dependent version of fracture functions [12]. The corre-
sponding evolution equations for MiP ,h(x,k⊥, z,p⊥,Q2) can
be thus obtained [11]. The factorization properties of these dis-
tributions however have not been proven yet, at variance with
the current fragmentation case whose factorization in terms of
kt -dependent distributions has been proven in Ref. [13].
3. Phenomenology in the current fragmentation region
The kt -dependent evolution equations (1) and (3), are solved
by means of a finite difference method in the (2nf + 1)-
dimensional space of quarks, antiquarks and gluons. As appro-
priate for a leading logarithmic calculations, we set splitting
functions to their lowest order expansion. In this preliminar
analysis we simulate light flavours only while heavy flavours
are accounted for as only virtual contributions in the LL run-
ning coupling constant, αs(Q2). Convolutions of transverse and
longitudinal variables in Eqs. (1) and (3) are performed numeri-
cally on a bidimensional (xB,k2⊥) grid. To achieve a faster con-
vergence and minimize the size of the grid, non-linear spacing
both in x and in k2⊥ have been adopted. At each Q2-iteration,
the normalization conditions, Eqs. (2) and (4), are checked to
reproduce ordinary longitudinal distributions within a given ac-
curacy. As in the longitudinal case, the kt -dependent distribu-
tions are calculable at higher Q2 scales once non-perturbative
input distributions at some arbitrary scale Q20 are provided.
In the following we assume the simplest, physically moti-
vated ansatz, i.e., a longitudinal parton distribution function
F iP (xB,Q
2
0) [14] or fragmentation functions Dhi (zh,Q20) [15]
times a Gaussian transverse factor, motivated by the Fermi mo-
tion of partons in hadrons [6]:
F iP
(
xB,Q
2
0,k⊥
)= F iP (xB,Q20) e
−k2⊥
〈k2⊥,0〉
π〈k2⊥,0〉
,
(5)Dhi
(
zh,Q
2
0,p⊥
)= Dhi (zh,Q20) e
−p2⊥
〈p2⊥,0〉
π〈p2⊥,0〉
, i = q, q¯, g.
Before comparing with the data, we would like to point out
general some properties of the evolution and comment the
stiffness of the initial conditions, Eq. (5). In doing so, we fo-
cus on the space-like case and set the width 〈k2⊥,0〉 to a trial
value of 0.25 GeV2 both for quarks and gluons. The evolu-
tion is then performed from the initial scale Q20 = 5 GeV2 to
Q2 = 20 GeV2, see Fig. 2. In order to reduce the number of pa-
rameters, we assume a flavour-independent value for the aver-
age transverse momentum 〈k2⊥,0〉. Such hypothesis is probably
too crude in the quark valence region. Furthermore, as it ap-
pears in Fig. 2, the evolution generates a xB -dependent amountof averaged transverse momentum, behaving as
(6)〈k2⊥〉= 〈k2⊥,0〉xγB, γ  0,
even starting from a xB -independent distribution, Eq. (5). This
behaviour is expected since the arguments of kt -dependent dis-
tributions in the right-hand side of Eqs. (1) and (3), as a result of
the transverse boost, mix longitudinal and transverse degree of
freedom. We have checked that the factorized form of Eq. (5) is
not preserved under evolution since deviations from Gaussian
into broader k2⊥-distributions, especially for the gluon, do ap-
pear. In the rightmost panel of Fig. 2 it is clearly visible how
the evolution turns the Gaussian transverse factor at the ini-
tial scale into a inverse power-like distributions in k2⊥ at the
final scale. It is also visible in the same plot a de-population
effect in the k2⊥  Q2 region according to the strong ordering
recipe built in the evolution equations. From the above argu-
ments and since the factorization scale Q20, at which we suppose
Eq. (5) to be valid, is arbitrary we conclude that a more refined
analysis could possibly make use of initial conditions with a xB -
dependent transverse factor. We note also that the solutions do
not show any growth of 〈k2⊥〉 in the large xB limit. In this (soft)
limit the kt -dependent evolution equations can be shown to
diagonalize in impact parameter space [16] by a joint Fourier–
Mellin transform [8]. As a result soft gluon resummation tech-
nique can be applied to leading and next-to-leading logarithmic
accuracy [17–19]. Implementation of soft gluon resummation
techniques is however beyond the scope of the present Let-
ter which aim to focus only to the collinear regime. In order
to make clear the latter point, a power expansion of Eqs. (1)
and (3) can be found in Ref. [10]. Having these limitations in
mind we compare in the following the outcome of kt -dependent
evolution equations with charged hadron production data in the
DIS current fragmentation region. We assume that the semi-
inclusive DIS cross-sections, in the spirit of Ref. [13], factorize
in terms of kt -dependent parton and fragmentation distribution
functions. With leading logarithmic accuracy the cross-sections
reads
d5σ
dxB dQ2 dzh dQ2 d2P h⊥
∝
∑
i=q,q¯
e2i
∫
d2k⊥ d2p⊥ δ(2)(zhk⊥ + p⊥ − P h⊥)
(7)×F iP
(
xB,Q
2,k⊥
)Dhi (zh,Q2,p⊥).
The standard SIDIS variables are defined as xB = Q2/(2P · q)
and zh = (P · Ph)/(P · q) where P , Ph, q are respectively the
four momenta of the incoming proton, outgoing hadron and vir-
tual boson. At lowest order, the process-dependent coefficient
function, omitted in Eq. (7), is set to unity. Factorizations scales
are set to μ2F = μ2D = Q2 and large logarithmic ratios of the
type log(μ2F,D/Q
2) occurring in the perturbative calculations
are moved in kt -dependent distributions are then resummed
by evolution equations. We compare our predictions with data
of Refs. [20,21]. These data sets are differential in the vari-
able of interest and cover a broad kinematical region, where
DGLAP dynamics is supposed to be valid. We note that the
46 F.A. Ceccopieri, L. Trentadue / Physics Letters B 660 (2008) 43–48Fig. 2. Space-like evolution. Left and middle panel: average transverse momentum 〈k2⊥〉 generated in the evolution of the up-quark and gluon for three different
scales: Q20 = 5 GeV2 (–), Q2 = 10 GeV2 (– –) and Q2 = 20 GeV2 (–·). Right panel: the transverse spectrum of the up quark at fixed xB for three different scales
as before. The solid line is the Gaussian initial condition. The evolved distributions show a 1/(k2⊥)γ dependence.
Fig. 3. Left panel: average transverse momentum 〈P 2
h⊥〉 versus z2, 100 < W2 < 340 GeV2, Q2 > 5 GeV2, against predictions (solid line). Right panel: average
transverse momentum 〈P 2
h⊥〉 versus W2 for 0.2 < z < 1.0, Q2 > 5 GeV2, against predictions (solid line). Data from Ref. [21].theoretical predictions which reproduce the data in the original
Refs. [20,21] are based on QCD-calculations of Ref. [22]. Light
flavours average transverse momenta and factorization scale are
then set to〈
k2⊥,q,q¯
〉= 0.25 GeV2, 〈p2⊥,Dq,Dq¯
〉= 0.20 GeV2,
(8)Q20 = 5 GeV2,
for distribution and fragmentation functions respectively, ac-
cording to Ref. [23]. The parameters in Ref. [23] are obtained
by a fitting procedure to the low-P 2h⊥ differential cross-sections
of Ref. [20] using the same initial condition as given in Eq. (5).
We note that gluons in Eq. (7) are absent since do not directly
couple with the virtual boson but enter indirectly the cross-
sections due to quark–gluon mixing in the evolution equations.
Gluon widths are however essentially unknown and for this
reason, in this preliminar analysis, we set them equal to light
flavours parameters. In order to verify that this choice does notaffect the presented results, we have checked that a 20% varia-
tion of gluon widths does not alter significantly the predictions
in the kinematical region of Refs. [20,21], the overall effect be-
ing a slight variation of the slope of the large-P h⊥ tail in Fig. 4.
The role of gluon and its transverse spectrum will be however
of special interest especially at HERA and LHC kinematics,
and thus certainly it deserves a separate study. We require both
the time-like and space-like evolved kt -dependent distributions
to satisfy, both for quarks and gluons, the normalization condi-
tion, Eqs. (2) and (4), in the kinematical range of data [20,21]
with the accuracy set to O(10%):
(9)
∫
d2k⊥Fi
(
x,k⊥,Q2
)∣∣
EMC = Fi
(
x,Q2
)∣∣
EMC.
The accuracy however could by increased properly thicken-
ing the simulation grid. In Fig. 3 we show the average trans-
verse momentum 〈P 2h⊥〉 compared to the predictions of Eq. (7)
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h⊥-differential cross-sections in bins of z and W2 for charged hadron production in the current fragmentation region. Data from Ref. [20].properly normalized to the relevant inclusive cross-sections. In
the left panel a approximate linear rise of 〈P 2h⊥〉 with z2 is
observed. This dependence is guided by the δ(2)-function in
Eq. (7) which leads to the expectation 〈P 2h⊥〉 = 〈p2⊥〉+ z2〈k2⊥〉.
On the right panel of Fig. 3 the 〈P 2h⊥〉 results obtained from
Eq. (7) as a function of W 2 = Q2(1 − xB)/xB are compared to
data. The experimental 〈P 2h⊥〉 spectrum shows a clear logarith-
mic dependence on W 2 and the predictions far underestimate
the measured average transverse momentum. As can be seen in
Ref. [21], the measured dependence of 〈P 2h⊥〉 on Q2 is very
mild, while the one on xB is steeper and of the kind shown in
Fig. 2. The kt -dependent evolution equations take care of the
former while probably only a xB -dependent correction in the
transverse factor in Eq. (5) could solve the latter. The charged
hadron production P 2h⊥-differential cross-sections, properly in-
tegrated in the relevant z and W 2 bins and normalized to the
inclusive total cross-sections, are shown in Fig. 4. The main ef-
fect of evolution equations is of modifying the sharp tail of the
Gaussian P 2h⊥ distributions, see Ref. [23], into a broader P 2h⊥
power-like distributions. At fixed W 2, a progressive broadening
of the spectrum, according to the left panel of Fig. 3, is ob-
served. At fixed z instead, the predictions fall more distant fromdata as long as W 2 increases, according with Fig. 3. At high
W 2, in the low-P 2h⊥ part of the spectrum, deviations in slope
between data and predictions are visible, showing again the
inadequacy of a xB -independent width. The underestimation
of the transverse spectrum at high P 2h⊥ indicates instead that
large angle parton emissions from fixed order matrix element
are needed. The overall agreement looks however encouraging
since we have not performed any fit to the data, apart from fix-
ing the transverse widths, as already discussed. We conclude
that both a more accurate choice of the initial condition and the
inclusion of next-to-leading corrections, whose impact was es-
timated on this data set in Ref. [27], will lead thus to a better
agreement of the predicted cross-sections with data.
4. Conclusions
In this work, by assuming a factorized form for the semi-
inclusive cross-sections, in the spirit of Ref. [13], the charged
hadron production cross-sections in the current fragmenta-
tion region has been computed within leading logarithmic ap-
proximation by using kt -dependent evolution equations. The
obtained kt -dependent distributions, due to resummation of
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transverse spectra and smoothly interpolate from the low to
the high P 2h⊥ regime without requiring any matching proce-
dure. A reasonable description of the data is obtained by only
using default width values as proposed in Ref. [23]. This vali-
dates our approach as proposed in Ref. [11]. The impact of the
initial conditions, Eq. (5), is investigated and arguments for a
xB -dependent transverse factor are given, along with hints sug-
gesting the need of higher order corrections. In this work we do
not emphasize gluon dynamics. This subject however is a cen-
tral one, especially for HERA and LHC kinematics [24,25], and
it deserves a separate study.
We wish to conclude by listing two possible promising appli-
cations of the presented formalism. The kt -dependent evolution
equations could be tested in Drell–Yan pair production cross-
sections differential in the transverse momentum of the lepton
pair at LHC energies. On the other hand, the present formal-
ism could find interesting applications to polarized reactions
and could be particularly fruitful, for instance, in the study of
transversity distributions [26].
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